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Abstract—Conversion of microphone array signals into loud-
speaker array signals is an essential process in high-definition spa-
tial audio. This paper presents the theory of boundary matching
filters (BMFs) for spherical array signal conversion. BMFs adapt
the physical boundary conditions used during recording to the ones
required for reproduction by relying on a theoretical framework
provided by the Kirchhoff–Helmholtz integral equation (KHIE).
Computationally, array signal conversion is performed in a trans-
form domain where sound fields are represented in terms of spher-
ical harmonic functions. Related research on transform-domain
signal conversion filters is interpreted in the context of the KHIE.
The case of a rigid recording boundary and an open reproduction
boundary is addressed. The proposed rigid-to-open BMFs provide
a suitable basis for designing gain-limited filters to deal with the
problem of excessive gains at certain frequency bands, observed
when using high-resolution arrays. Spatial, spectral, and temporal
effects in sound field reconstruction when finite numbers of trans-
ducers are used in anechoic conditions are investigated analytically
and exemplified numerically. Results show that the proposed gain-
limited rigid-to-open BMFs outperform the existing gain-limited
filters based on Tikhonov regularization because they reduce the
spatial discretization effects and yield impulse responses that are
more localized around their main peaks.

Index Terms—Spatial audio, sound field recording, sound field
reproduction, Kirchhoff–Helmholtz integral equation, array signal
processing, spherical array, spherical Fourier transform.

I. INTRODUCTION

CONVERSION of microphone array pressure signals into
loudspeaker array driving signals is an essential process in

high-definition spatial audio. Array signal conversion involves
the adaptation of the physical boundary conditions used dur-
ing recording to the ones required for reproduction. Unifying
theories for physically motivated spatial audio [1]–[3] suggest
obtaining signal conversion filters by linking the examinations
of the Kirchhoff–Helmholtz integral equation (KHIE) [4] on the
recording and reproduction boundaries. Such filters are referred
to in this paper as boundary matching filters (BMFs).
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Spherical boundaries are useful because they provide sym-
metry and emphasize the central listening region. They also
enable the analytical formulation of spherical BMFs (SBMFs)
in a transform domain where sound fields are represented in
terms of spherical harmonic functions of distinct orders [4].
These functions are orthonormal on the unit sphere and define
the spherical Fourier transform (SFT) and the inverse spherical
Fourier transform (ISFT) [5]. Implementations with spherical
arrays facilitate the transform-domain processing at scalable
angular resolutions parameterized by orders of the SFT. The
design of SBMFs for high-resolution arrays, however, still rep-
resents a challenge for the realization of high-definition spatial
audio systems.

In recording, a rigid baffle supporting the array is used as an
acoustically rigid boundary to allow for resonance-free sound
field representations from measurements of only pressure [1].
The KHIE under the Neumann boundary condition [4] models
this case for the subsequent inversion of the rigid sphere model,
a necessary step for obtaining free-field representations. In re-
production, whether using real or virtual loudspeakers, a sim-
plification of the KHIE known as the principle of acoustic wave
superposition [6] is used to enable sound field reconstruction
from monopole-like loudspeakers [7]. Loudspeakers radiating
plane waves are equivalent to the consideration of a boundary
of infinite size (far field), whereas the case of spherical waves
is equivalent to a boundary of finite size (near field).

SBMFs under the above conditions are equivalent to the
transform-domain inversion filters used in microphone array
studies, including sound field encoding [8], [9], beamform-
ing [10]–[21], binaural synthesis [22]–[32], and room acous-
tics [33]–[36]. A well-known difficulty is the ill-posedness of
the inversion problem that produces filters with excessive gains
in certain frequency bands at higher orders. A less explored
aspect is the reproduction boundary condition that underlies
these filters. Although monopole-like loudspeakers are implic-
itly assumed in free field, acoustic superposition is also appar-
ently equivalent to reconstruction with loudspeakers placed on
the inner surface of an acoustically rigid spherical cavity [7],
which may be impractical because of the resonances that oc-
cur within [37]. The reproduction boundary condition remains
ambiguous when relying simply on acoustic superposition. To
overcome this ambiguity, it would be useful to examine the
case of having an acoustically transparent or open boundary for
reproduction in the light of the KHIE.

Excessive gains are inherent to high-order SFT represen-
tations. Gain-limitation methods for high-resolution arrays
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have been partially covered in studies of microphone arrays
[10]–[12], [14]–[21], loudspeaker arrays [38]–[41], and their
combined use [13], [42]–[45]. General-purpose methods include
frequency-dependent order truncation [46] and Tikhonov regu-
larization [9], [18], [30]–[32]. Other methods include spherical-
cap windowing [47], gain thresholding [18], [48], low-to-high
order equalization [49], [50], and filter banks [19]. Limitation
of gain by considering the boundary conditions in the context of
the KHIE, however, has not been addressed in previous studies.
The spatial, spectral, and temporal effects of gain limitation are
also issues requiring further attention.

This paper derives SBMFs for a rigid recording boundary and
an open reproduction boundary. Reproduction is modeled with
an alternative version of the KHIE known as the simple source
formulation [51]. A continuity condition is further chosen to link
recording and reproduction. The resulting SBMFs smoothly as-
sign high-order components to high-frequency bands in agree-
ment with the far-to-near field transitions. As an alternative to
existing gain-limited SBMFs, the proposed SBMFs further pro-
vide a suitable basis for designing smooth and bounded SBMFs
for high-resolution arrays by the assignment of smaller listening
areas to higher frequencies while the order truncation error is
kept bounded.

The remainder of this paper is organized as follows. Section II
provides a theoretical framework and overviews the existing
rigid-to-infinite (RI) and rigid-to-finite (RF) SBMFs that rely
on reproduction by acoustic superposition. Section III presents
the proposed rigid-to-open (RO) SBMFs that rely on reproduc-
tion by simple source formulation. Section IV describes two ex-
isting general-purpose gain-limitation methods (Sections IV-A
and IV-B) and presents a new gain-limitation method for
RO-SBMFs (Section IV-C); the effects of gain limitation are
investigated in the context of angular bandwidth limitation.
Section V investigates the effects of sampling based on anal-
yses of orthonormality errors. Concluding remarks are given in
Section VI.

II. RIGID-TO-INFINITE AND RIGID-TO-FINITE SBMFS

Transform-domain filters for array signal conversion are
overviewed in this section. They are interpreted here as SBMFs
obtained by examining the KHIE in both the recording and the
reproduction boundaries. The KHIE is detailed in Appendix A.

A. Continuous-Space Geometry and Physical Considerations

Figs. 1 and 2 detail the spherical geometries used in this
paper. In recording, the KHIE under the Neumann boundary
condition [4], on rigid boundary A, is used to obtain the pres-
sure field in free field at�b. In reproduction, a simplified version
of the KHIE, known as the principle of acoustic wave superpo-
sition [6], on boundary B, is used to reconstruct the sound field
at arbitrary �r.

All of what follows considers acoustic waves satisfy-
ing the Helmholtz equation with time-harmonic dependence
exp(−jkct), where k denotes the wave number, c is the speed
of sound in air, and j =

√
−1 is the “positive” imaginary unit.

The radial part of the diverging waves emanating outward from

Fig. 1. Spherical coordinate system. A point in space�r = (r, θ, φ) is specified
by its radial distance r, azimuth angle θ ∈ [−π, π], and elevation angle φ ∈
[− π

2 , π
2 ]. Angles are merged into the variable Ω = (θ, φ) in such a way that a

point in space is also represented by �r = (r, Ω).

Fig. 2. Recording and reproduction boundaries. The recording boundary A
is composed of recording points �a = (a, Ωa ). The reproduction boundary B is
composed of secondary source points �b = (b, Ωb ). The sizes of A and B are
such that 0 < a < b. The boundary B divides the space into an exterior and an
interior volume. The point �r in the interior volume denotes an arbitrary position
at which the sound pressure is reconstructed. The centers of A and B are both in
the origin�0 of the coordinate system in Fig. 1. (a) Recording. (b) Reproduction.

a source is modeled by the spherical Hankel function of the
first kind and order ν, denoted here by hout

ν . The radial part
of the converging waves coalescing inward to a sink is mod-
eled by the spherical Hankel function of the second kind and
order ν, denoted here by hin

ν . The derivative of any hν with re-
spect to its argument is denoted by h′

ν . The angular part of the
waves is modeled by the spherical harmonic functions of order
ν and degree μ, denoted here by Y μ

ν and defined by (52) in
Appendix B. These angular functions conform an orthonormal
basis that enables the spherical Fourier transform (SFT) and the
inverse spherical Fourier transform (ISFT), respectively defined
by (55) and (54) in Appendix B. The SFT and ISFT isomor-
phically relate the representations of a function in the spatial
domain (the unit sphere) and the transform domain (ν and μ).
All waves under consideration satisfy the Sommerfeld radiation
condition at infinity, and all analyses are restricted to anechoic
conditions.

B. General Framework

The unified recording and reproduction framework for the
reconstruction of pressure is summarized in Fig. 3. In the spatial
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Fig. 3. Reconstruction of pressure Ψ at arbitrary �r from pressure recordingsP
on A and acoustic transfer functions T from B to �r. SBMFs convert P on A into
driving signalsD onB. Combination ofD and T is equivalently performed in the
(a) spatial or (b) transform domain. Representations in the spatial and transform
domains are isomorphically related via the spherical Fourier transform (SFT)
and the inverse spherical Fourier transform (ISFT).

domain, the acoustic pressure Ψ at arbitrary point �r is modeled
by acoustic wave superposition [6] as follows:

Ψ(�r, k) =
∫

Ω b ∈B
T (�b, �r, k)D(�b, k)dΩb , (1)

where D is a distribution of pressure on B, and T is an acoustic
transfer function modeling sound transmission from�b to �r.

Depending on the targeted application, D can represent driv-
ing signals for an array of real or virtual loudspeakers on B,
whereas T can represent free-field transfer functions, room
transfer functions, or head-related transfer functions.

Owing to orthonormality in (53), reconstruction based on (1)
is equivalently formulated in the transform domain as follows:

Ψ(�r, k) =
∞∑

ν=0

ν∑
μ=−ν

Tνμ(b, �r, k)Dνμ(b, k), (2)

where Tνμ denotes the SFT of T over B, explicitly

Tνμ(b, �r, k) =
∫

Ω b ∈B
T (�b, �r, k)Y μ

ν (Ωb)dΩb , (3)

and Dνμ denotes the SFT of D over B. The overbar denotes
complex conjugate.

SBMFs aim to calculate D on B from P on A based on

Dνμ(b, k) = Fν (a, b, k)Pνμ (a, k), (4)

whereFν are transform-domain SBMFs for concentric spherical
boundaries A and B, and Pνμ is the SFT of P over A:

Pνμ(a, k) =
∫

Ωa ∈A
P(�a, k)Y μ

ν (Ωa)dΩa . (5)

When required, D can be obtained by ISFT as

D(�b, k) =
∞∑

ν=0

ν∑
μ=−ν

Dνμ(b, k)Y μ
ν (Ωb). (6)

C. Transform-Domain SBMFs

A reproduction boundary composed of secondary sources
radiating plane waves is equivalent to a boundary B of infinite
radius. Correspondingly, SBMFs are formulated by transform-
domain inversion of the model for acoustic scattering from the
rigid boundary A due to an incident plane wave:

FRI
ν (a, k) =

(ka)2h′out
ν (ka)

4πjν+1 , Rigid A Infinite B. (7)

On the other hand, a reproduction boundary that consists of
secondary sources radiating spherical waves is equivalent to a
boundary B of finite radius. In this case, SBMFs are formulated
by transform-domain inversion of the model of acoustic scat-
tering from the rigid boundary A due to an incident spherical
wave:

FRF
ν (a, b, k) =

−ka2h′out
ν (ka)

4πhout
ν (kb)

, Rigid A Finite B. (8)

SBMFs in (7) and (8) remove the scattering of the rigid spheri-
cal baffle. SBMFs in (8) further extrapolate along distance (from
A to B) the resulting free-field representation. Both SBMFs are
recognized in the literature as terms inversely proportional to the
SFT of the Green-Neumann function [4], or inversely propor-
tional to the singular values of the rigid sphere model [32], [52].
They are also identified as the reciprocal of the source mode
strengths [10]–[15], [17], [20], [22]–[26], [33]–[36], [44], [45],
[53] or included in what is commonly referred to as a radial fil-
ter [8], [9], [16], [18], [19], [30]–[32]. Special attention is given
hereafter to the SBMFs in (8) because of their importance in
near-field applications.

D. Interpretation in the Context of the KHIE

The link between recording and reproduction in (4) is clarified
here by separate examinations of the KHIE in (51) on the spher-
ical bounding surfaces A and B, where the normal derivative

∂
∂�ns

in (51) is reduced to the radial derivative ∂
∂r .

In recording, the KHIE is used to obtain the sound pressure
in free-field at observation point �b from its values on A under
the Neumann boundary condition. The source-free volume con-
taining�b is taken outside A except in some vicinities containing
the sound sources. At infinity, the Sommerfeld radiation condi-
tion is assumed. Considering first a generic observation point �r,
such that r ≥ a, recording is modeled as the following exterior
problem:

P ff(�r) = −
∫

Ωa ∈A

[
T N (�a,�r)

∂

∂r
P ff(�r)

∣∣∣
r=a

− P ff(�a)
∂

∂r
T N (�a,�r)

]
dΩa . (9)

Here, P ff denotes free-field pressure, and T N denotes the
Green-Neumann function. This function fulfills the Neumann
boundary condition, ∂

∂r T N (�a,�r) = 0, and its SFT over A is

T N
νμ ∝ 1/Fν [4]. The generic point is set to �r = �b, such that

b > a. By writing the integrands of (9) in terms of their ISFTs,
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and using acoustic reciprocity to exchange �a and �b, it has been
shown in [4] and [52] that

∂P ff
νμ(b, k) = FRF

ν (a, b, k)Pνμ (a, k), (10)

where ∂P ff
νμ denotes the SFT of ∂

∂r P ff on B, and Pνμ in-
dicates pressure on A before scattering removal and radial
extrapolation.

In reproduction, acoustic wave superposition in (1) is appar-
ently equivalent to using the KHIE for reconstructing the sound
pressure at arbitrary observation point �r from its values on B.
Assuming that scattering was removed during recording, the
source-free volume containing �r is now taken inside B, that is,
r ≤ b. This case would constitute an interior problem formu-
lated as

Ψ(�r) = D(�r) =
∫

Ω b ∈B

×
[
T (�b, �r)

∂

∂r
D(�r)

∣∣∣
r=b

−D(�b)
∂

∂r
T (�b, �r)

]
dΩb , (11)

under the assumption ∂
∂r T (�b, �r) = 0. When the integrands of

(11) are expressed in terms of their ISFTs, it can be verified that
the choice

Dνμ(b, k) = ∂P ff
νμ(b, k) (12)

would thus yield (4). A similar premise is used in the theory
of wave field synthesis [7] to overcome the necessity of using
dipole secondary sources, thereby enabling reproduction by us-
ing only monopole-like loudspeakers. The KHIE with vanishing
radial derivatives on B, however, proves to be the case of using
loudspeakers placed on the inner surface of an acoustically rigid
spherical cavity that would produce SBMFs affected also by the
resonances inside cavities [37].

SBMFs in (8) certainly do not correspond to the condition
that uses a rigid cavity for reproduction. Nevertheless, when
modeling reproduction based on acoustic wave superposition,
if one radial derivative in the KHIE is simply discarded without
modifying the transfer functions, the physical conditions used
during reproduction remain ambiguous. To overcome this am-
biguity, the case of using an open boundary for reproduction is
addressed in the next section by relying on an alternative version
of the KHIE referred to as the simple source formulation [51].

III. RIGID-TO-OPEN SBMFS

This section derives the proposed SBMFs that convert P on
rigid A into D on open B. Open B is modeled by separately
posing an interior problem and an exterior problem based on the
simple source formulation [51] of the KHIE and by imposing a
continuity condition on B. The aim is to show that reproduction
with open B is equivalent to modifying (12) according to the
following expression:

Dνμ(b, k) = Oν (b, k) × ∂P ff
νμ(b, k), (13)

where Oν are the transform-domain open boundary filters

Oν (b, k) =
∣∣∣∣ j

(kb)2hin
ν (kb)h′out

ν (kb)

∣∣∣∣. (14)

A new set of SBMFs relating a rigid A and an open B can
thus be defined by equating (13) and (10), which yields

FRO
ν (a, b, k) = Oν (b, k) ×FRF

ν (a, b, k), Rigid A Open B.
(15)

The formulation of (13)–(15) is detailed hereafter. The in-
tegral in (1) is first interpreted in terms of the simple source
formulation of the KHIE [51]. In this context, T is the free-
field Green function, and D is the density distribution of simple
sources or monopoles calculated from the radial derivatives of
the sound field radiated inside and outside [51]:

D(�b, k) =
∂

∂r
Ψint(�b, k) − ∂

∂r
Ψext(�b, k). (16)

Here, superscripts “int” and “ext” indicate that radial derivatives
on B are calculated by pointing toward the interior and exterior
volumes, respectively. The SFT of (16) results in

Dνμ(b, k) = ∂Ψint
νμ(b, k) − ∂Ψext

νμ (b, k), (17)

where ∂Ψint
νμ and ∂Ψext

νμ are the SFTs of ∂
∂r Ψint and of ∂

∂r Ψext,
respectively.

Let pressure fields in the vicinity of B be denoted by

Ψint(�r, k) =
∞∑

ν=0

ν∑
μ=−ν

αin
νμ(k)hin

ν (kr)︸ ︷︷ ︸
Ψ int

νμ (r,k)

Y μ
ν (Ω),

Ψext(�r, k) =
∞∑

ν=0

ν∑
μ=−ν

αout
νμ (k)hout

ν (kr)︸ ︷︷ ︸
Ψ ext

νμ (r,k)

Y μ
ν (Ω), (18)

where αin
νμ and αout

νμ are mode strengths. Their corresponding
radial derivatives result in

∂

∂r
Ψint(�r, k) =

∞∑
ν=0

ν∑
μ=−ν

αin
νμ(k)kh′in

ν (kr)︸ ︷︷ ︸
∂Ψ int

νμ (r,k)

Y μ
ν (Ω),

∂

∂r
Ψext(�r, k) =

∞∑
ν=0

ν∑
μ=−ν

αout
νμ (k)kh′out

ν (kr)︸ ︷︷ ︸
∂Ψ ext

νμ (r,k)

Y μ
ν (Ω). (19)

Invariance of αin
νμ and αout

νμ along r leads to

∂Ψint
νμ(r, k) =

kh′in
ν (kr)

hin
ν (kr)

Ψint
νμ(r, k),

∂Ψext
νμ (r, k) =

kh′out
ν (kr)

hout
ν (kr)

Ψext
νμ (r, k). (20)

To relate (20) with the radially extrapolated field ∂P ff
νμ in

(10), the following continuity condition on open B is chosen:

Ψint
νμ(b, k) =

1
2
P ff

νμ(b, k) =
1
2

hout
ν (kb)

kh′out
ν (kb)

∂P ff
νμ(b, k),

Ψext
νμ (b, k) =

1
2
P ff

νμ(b, k) =
1
2

hout
ν (kb)

kh′out
ν (kb)

∂P ff
νμ(b, k). (21)



SALVADOR et al.: BMFs FOR SPHERICAL MICROPHONE AND LOUDSPEAKER ARRAYS 465

Fig. 4. Proposed open boundary filters Oν in (14) for gain limitation.
(a) b = 100 cm. (b) b = 25 cm.

Combining (21) with (20) leads to

∂Ψint
νμ(b, k) =

1
2

h′in
ν (kb)

hin
ν (kb)

hout
ν (kb)

h′out
ν (kb)

∂P ff
νμ(b, k),

∂Ψext
νμ (b, k) =

1
2
∂P ff

νμ(b, k). (22)

Finally, (13)–(15) are obtained by substituting (22) in (17), by
using the Wronskian relation

h′in
ν (kb)hout

ν (kb) − hin
ν (kb)h′out

ν (kb) =
−2j

(kb)2 , (23)

and by further restricting the action of resulting open boundary
filters Oν to affect only the magnitude response of FRF

ν .
No assumption on A was required to formulate Oν in (14).

These filters can hence be used to modify the low-frequency
content of SBMFs for any other boundary condition on A.

Fig. 4 shows examples of Oν for distinct orders ν. It is ob-
served that these filters attenuate high-order components at
lower frequencies. Analogous low-frequency decay with in-
creasing order is empirically observed when the radiation from
multipole sources is characterized [54].

Fig. 5 presents examples of FRI
ν in (7), FRF

ν in (8), and FRO
ν

in (15) for different orders ν. The highest order ν = 14 and
the microphone radius a = 8.5 cm used in examples hereafter
correspond to the 252-channel recording system reported in [27]
and [28]. Excessive gains in lower frequencies at high orders are
observed in FRI

ν and FRF
ν as a consequence of the ill-posedness

of inversion. Such difficulty at lower frequencies is not observed
in FRO

ν thanks to the use of the gain-limiting filters Oν . In

Fig. 5. Gains of existing filters FRI
ν in (7) and FRF

ν in (8), and proposed
filters FRO

ν in (15), for different orders ν . Excessive gains at higher orders and
lower frequencies are observed in FRI

ν and FRF
ν . Gains of FRO

ν are bounded
at lower frequencies because of the use of the filters Oν shown in Fig. 4.
Black square markers � indicate values at the transitions between the far-
and near-field regions described by ν = kb. These transitions constitute the
frequency-dependent gain-limiting thresholds in (29) that pursue a maximum
reconstruction radius equal to the reproduction radius b. Maxima of |FRO

ν |
smoothly reach the far-to-near transition values. (a) a = 8.5 cm, b = 100 cm.
(b) a = 8.5 cm, b = 25 cm.

addition, for large values of ν, local maxima of |FRO
ν | are well

localized and occur when ν ≈ kb, whereas local minima occur
when ν ≈ ka. This can be verified by using the first-derivative
test.

Note also in Fig. 5 that gains of FRO
ν at middle frequencies

still increase with increasing order. To make high-order SBMFs
suitable for high-resolution microphone arrays, gain-limitation
methods are addressed in the next section in the context of
order truncation, that is, considering signals of limited angular
bandwidths.

IV. ANGULAR BANDWIDTH LIMITATION

The effects of representing spherical signals within angular
spectra of limited bandwidth are investigated by distinguishing
the finite-sum part of (2) up to a maximum order N and the
residual terms. Explicitly,

Ψ = Ψband
N + εN , (24)

in which the band-limited component is defined by

Ψband
N (�r, k) =

N∑
ν=0

ν∑
μ=−ν

Tνμ(b, �r, k)Fν (a, b, k)Pνμ (a, k),

(25)
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and εN comprises all residual terms of order ν ≥ N + 1.
The action of Fν in limited bandwidths is examined by sub-

stituting (3) and (5) in (25). Swapping integrals and sums by
virtue of their absolute convergence yields a recasting of (25) as
the integral form

Ψband
N (�r, k) =

∫
Ωa ∈A

∫
Ω b ∈B

CN (�a,�b, k)

× T (�b, �r, k)P(�a, k)dΩbdΩa , (26)

where the band-limited matching function between �a and�b is

CN (�a,�b, k) =
N∑

ν=0

2ν + 1
4π

Fν (a, b, k)Pν (cos Θ�a�b). (27)

Owing to the addition theorem [4], the angular part of CN in
(27) is described by the non-normalized Legendre polynomial
Pν of order ν, evaluated at the angle Θ�a�b between �a and�b. The
radial part of CN is exclusively described by Fν .

High orders involve high-gain SBMFs (see Fig. 5). Two ex-
isting general-purpose gain-limitation methods for use with FRI

ν

and FRF
ν are described below in Sections IV-A and IV-B. A new

gain-limitation method for use with the proposed FRO
ν is then

presented in Section IV-C. The time-domain effects due to the
use of each gain-limited SBMF will be exemplified relying on
the impulse responses of CN in (27).

A. Frequency-Dependent Gain-Limited RI- and RF-SBMFs

Excessive gains are overcome by imposing frequency-
dependent maximum orders Nk beyond which the contributions
of SBMFs are simply discarded according to

F trunc
ν =

{
Fν , ν ≤ Nk,

0, otherwise.
(28)

Here, Fν represents one of the filters in (7) or (8).
Determination of the maximum orders so as to pursue a max-

imum reconstruction radius equal to the reproduction radius b
is equivalent to using the far-to-near field transitions [4]:

Nk = 
kb� . (29)

The black square markers in Fig. 5 exemplify maximum gains of
FRFtrunc

ν based on (8), (28), and (29). Below such maxima, gains
at lower frequencies are set to zero. High gains are still required
at middle frequencies when the attempt is made to cover large
reconstruction radii with higher orders.

Maximum orders can also be set by assuming residuals in
(24) approximately equal to a constant ε̂N , resulting in [46]

Nk =

⎢⎢⎢⎣
⎧⎨
⎩
[
ka +

1
2

(
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1
ε̂N

+
1
2
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) 2

3

(ka)
1
3

]4

+

⎡
⎣ 1
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⎛
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(
b
a

) 3
2

(
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a − 1

) 3
2 ε̂N

⎞
⎠+ 1

⎤
⎦

4⎫⎬
⎭

1
4
⎥⎥⎥⎥⎦ . (30)

Fig. 6 shows examples of gain-limited SBMFs. The black
square markers illustrate the maximum gains of FRFtrunc

ν based

Fig. 6. Gain-limited SBMFs: proposed FROlim
ν in (32) for maximum gain

20 log10 γ = 40, and existing FRFreg
ν in (31) for regularization parameter

λ = 5 × 10−3 . Filters FROlim
ν conveniently confine the action of gain limi-

tation to the higher orders and frequencies, in contrast to filters FRFreg
ν , whose

action extents to the lower orders and frequencies where gain limitation is not
required. In addition, black square markers � indicate maximum gains of exist-
ing FRFtrunc

ν based on (28) and (30) for order truncation error ε̂N = 2 × 10−2 .
A comparisson of maximum gains and markers indicates that the order trun-
cation error is also held nearly constant when using FROlim

ν . (a) a = 8.5 cm,
b = 100 cm. (b) a = 8.5 cm, b = 25 cm.

on (8), (28), and (30). Below such maxima, gains at lower fre-
quencies are set to zero. Gains are thus kept approximately
constant and bounded, and the action of high-order components
is restricted to the higher frequencies. Nevertheless, frequency-
dependent order truncation generally produces discontinuities
along frequency that strongly affect the time-domain behavior.

Fig. 7 illustrates the time-domain effects of using gain-limited
SBMFs in terms of the rectified impulse responses of the band-
limited matching function CN in (27). Impulse responses were
calculated by applying the one-dimensional inverse Fourier
transform to the conjugate symmetric vector that corresponds
to the frequency discretization of CN . Discretization was per-
formed by using a sampling frequency of 48 kHz and a frame
of 512 samples. These values were intended to ensure the visu-
alization of sound propagation along the distances under con-
sideration.

It is observed in Fig. 7(b) and (f) that, when FRFtrunc
ν is used,

discontinuities along frequency produce impulse responses af-
fected by undesired replicas of main peaks.

B. Regularization-Based Gain-Limited RI- and RF-SBMFs

Tikhonov regularization [56] enables gain limitation with-
out the need for frequency-dependent order truncation and,
hence, without producing discontinuities along frequency.
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Fig. 7. Time-domain effects of angular band limitation illustrated in terms of absolute values of normalized impulse responses (IRs) of CN in (27), for N = 14
and a = 8.5 cm. Top panels correspond to IRs for a single reproduction radius b = 1 m and different angles Θ

�a�b
between recording and reproduction points,

whereas bottom panels correspond to IRs for a single angle Θ
�a�b

= 45◦ and different reproduction radii b. Panels (a) and (e) correspond to normalized reference
IRs obtained by spatial-domain inversion of the acoustically rigid sphere transfer functions [55], which can be considered to be band-unlimited. Panels (b)–(d)
and (f)–(h) correspond to the IRs of CN in (27) obtained using the following gain-limited filters: FRFtrunc

ν in (28) and (30), FRFreg
ν in (31), and FROlim

ν in
(32). Results using FROlim

ν shown in panels (d) and (h) present the most localized responses around the maximum values of CN . (a) Reference IR, b = 1 m.
(b) FRFtrunc

ν , ε̂N = 2 × 10−2 . (c) FRFreg
ν , λ = 5 × 10−3 . (d) FROlim

ν , 20 log10 γ = 40. (e) Reference IR, Θ
�a�b

= 45◦. (f) FRFtrunc
ν , ε̂N = 2 × 10−2 . (g) FRFreg

ν ,
λ = 5 × 10−3 . (h) FROlim

ν , 20 log10 γ = 40.

Regularization is equivalent to applying the regularized filter

F reg
ν =

Fν

1 + λ2 |Fν |2
, (31)

where Fν is one of the filters in (7) or (8), and λ is the regular-
ization parameter. Derivation of (31) is detailed in Appendix C.
Similar formulas appear in [9], [18], [19], and [30]– [32].

Examples of FRFreg
ν based on (8) and (31) are shown in Fig. 6.

Smooth and bounded gains are produced as a consequence of
applying (31) over all frequencies at once. In the time domain,
a substantial reduction of main peak replicas is achieved at the
cost of a slight dispersion of concentration around main peaks
as can be observed in Fig. 7(c) and (g).

When (31) is used, the effects of regularizing the high-order
components extend to the range of lower frequencies, as is fur-
ther observed in Fig. 6. Lower frequencies, however, are suffi-
ciently covered with lower orders. This observation motivates an
alternative gain-limitation method, presented in the next section.

C. Gain-Limited RO-SBMFs

The SBMFs proposed in (15) provide a suitable basis for de-
signing gain-limited SBMFs because their relative maximum
gains are well localized in frequency and constitute a smooth
transition from the far to the near fields (see Fig. 5). For every
order ν, new maxima below a limit γ can be achieved by shifting
the original maxima toward the higher frequencies. This is pos-
sible, in turn, when imposing smaller maximum reconstruction
radii �ν (γ). Gain-limited SBMFs are thus defined by

FROlim
ν (a, b, �ν , k) = Oν (�ν , k) ×FRF

ν (a, b, k). (32)

The open boundary filters Oν introduced in (14) are used here
with maximum reconstruction radii calculated according to

�ν (γ) = σ0
ν + ν0

kγ
, (33)



468 IEEE/ACM TRANSACTIONS ON AUDIO, SPEECH, AND LANGUAGE PROCESSING, VOL. 26, NO. 3, MARCH 2018

where kγ is the wave number at which the prescribed maximum
gain γ occurs, and it is found in such a way that

kγ : |FRF
ν (a, b, kγ )| = γ. (34)

Additional parameters σ0 and ν0 are introduced to compensate
for possible inaccuracies when placing the new relative maxima.
We have empirically verified that it is enough to set σ0 = 0.98
and ν0 = 0.5 for all cases involving orders ν ≤ 43.

Examples of FROlim
ν based on (32) are shown in Fig. 6.

Smooth-and-bounded-gain SBMFs are obtained when the re-
construction radius is decreased according to (33). The action
of high orders is conveniently confined to high-frequency bands.
Moreover, the impulse responses of CN in (27) are slightly more
localized around the main peaks, as can be observed when con-
trasting Fig. 7(d) and (h), respectively, with Fig. 7(c) and (g).

V. SPATIAL DISCRETIZATION

In limited angular bandwidths, obtaining Ψband
N in (25) in-

volves the approximation of Pνμ in (5) for a finite number M
of microphones on A, and the approximation of Tνμ in (3) for a
finite number L of loudspeakers on B. This section shows that
Ψband

N consists of an approximation component after spatial dis-
cretization, denoted by Ψdisc

N ;M,L , and three residual components
denoted by εM , εL , and εM,L . Explicitly,

Ψband
N = Ψdisc

N ;M,L + εM + εL + εM,L . (35)

Here, εM describes the isolated effects of sampling on A, εL

describes the isolated effects of sampling on B, and εM,L de-
scribes the coupled effects of sampling on A and B. Similar
terms have recently been identified in [45].

The terms in (35) also allow definition of the following
residual-to-signal ratios:

EM =
‖εM ‖
‖Ψ‖ , EL =

‖εL‖
‖Ψ‖ , EM,L =

‖εM,L‖
‖Ψ‖ , (36)

where Ψ denotes a target band-unlimited sound pressure field,
and ‖ · ‖ denotes the 2-norm along �r in the interior volume.
These residual-to-signal ratios are relative errors to evaluate the
overall sampling effects as a function of frequency.

In unlimited angular bandwidths, the residual term εN in (24)
would need to be included into the spatial discretization anal-
yses. Rigorous studies on the effects of sampling εN have
been separately conducted for microphone [11], [12] and loud-
speaker [40] arrays. Such effects are referred to as spatial alias-
ing, and have been found to be more prominent at higher fre-
quencies. Because the focus of this research is the assessment
of SBMFs at lower and middle frequencies, analyses are re-
stricted hereafter to limited bandwidths. However, because the
total reconstruction error can be writen as

Ψ − Ψdisc
N ;M,L = εM + εL + εM,L + εN , (37)

as deduced from (24) and (35), all isolated and combined con-
tributions of spatial aliasing on A and B are hence considered
in the total error, given that εN is part of (37).

Section V-A derives analytical expressions for each term in
(35) by analyzing how orthonormality in (53) is affected by

numerical integration over A and B. Finally, using (35) and
(36), Section V-B exemplifies how sound field reconstruction
based on SBMFs is affected by band limitation and sampling.

A. Discrete-Space Analysis Based on Orthonormality

Let {Ωm , αm}m=1,...,M be a sampling scheme of A, where
Ωm are measurement nodes and αm are integration weights.
Similarly, let {Ω , β}=1,...,L be a sampling scheme ofB, where
Ω are secondary nodes and β are integration weights.

Numerical integration of (53) over A and B respectively de-
fine the orthonormality residuals ε

(M )
νν ′μμ ′ and ε

(L)
νν ′′μμ ′′ by

∫
Ωa ∈A

Y μ
ν (Ωa)Y

μ ′

ν ′ (Ωa)dΩa

︸ ︷︷ ︸
δ

(A)
ν ν ′μ μ ′

=
M∑

m=1

Y μ
ν (Ωm)Y μ ′

ν ′ (Ωm)αm

︸ ︷︷ ︸
Δ(M )

ν ν ′μ μ ′

+ε
(M )
νν ′μμ ′ ,

(38)

∫
Ω b ∈B

Y μ
ν (Ωb)Y

μ ′′

ν ′′ (Ωb)dΩb

︸ ︷︷ ︸
δ

(B)
ν ν ′′μ μ ′′

=
L∑

=1

Y μ
ν (Ω)Y

μ ′′

ν ′′ (Ω)β

︸ ︷︷ ︸
Δ(L )

ν ν ′′μ μ ′′

+ε
(L)
νν ′′μμ ′′ .

(39)

In addition, band-limited signals are modeled in transform
domain by relying on the Kronecker delta sifting property:

Pνμ =
N ′∑

ν ′,μ ′

Pν ′μ ′δ
(A)
νν ′μμ ′ , Tνμ =

N ′′∑
ν ′′,μ ′′

Tν ′′μ ′′δ
(B)
νν ′′μμ ′′ . (40)

For simplicity, the abbreviations
∑N

ν,μ ≡
∑N

ν=0
∑ν

μ=−ν and
δνν ′μμ ′ = δνν ′δμμ ′ are used hereafter.

Several sampling theorems on the sphere that relate a fi-
nite bandwidth and a sampling resolution exist in the literature
(e.g., [57]). In general, it is assumed here that

(N ′ + 1)2 ≤ M,

(N ′′ + 1)2 ≤ L,

N = min(N ′, N ′′). (41)

Equating (40) and (25) produces

Ψband
N =

N∑
ν,μ

N ′∑
ν ′,μ ′

N ′′∑
ν ′′,μ ′′

Tν ′′μ ′′FνPν ′μ ′δ
(A)
νν ′μμ ′δ

(B)
νν ′′μμ ′′ . (42)

On the other hand, from the calculation of Δ(M )
νν ′μμ ′ × Δ(L)

νν ′′μμ ′′

based on (38) and (39), it follows that

δ
(A)
νν ′μμ ′δ

(B)
νν ′′μμ ′′ = Δ(M )

νν ′μμ ′Δ
(L)
νν ′′μμ ′′ + δ

(A)
νν ′μμ ′ε

(L)
νν ′′μμ ′′

+ δ
(B)
νν ′′μμ ′′ε

(M )
νν ′μμ ′ − ε

(M )
νν ′μμ ′ε

(L)
νν ′′μμ ′′ . (43)

The terms on the right side of (35) arise when (43) is replaced
in (42). The approximation component in (35) is therefore
defined by

Ψdisc
N ;M,L =

N∑
ν,μ

N ′∑
ν ′,μ ′

N ′′∑
ν ′′,μ ′′

Tν ′′μ ′′FνPν ′μ ′Δ(M )
νν ′μμ ′Δ

(L)
νν ′′μμ ′′ , (44)
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Fig. 8. Geometry used to illustrate the effects of spatial sampling in sound field reconstruction on a region of the xy-plane. In diagram (a), not shown to scale,

dots indicate microphones, marks indicate loudspeakers, and the gray plane is the reconstruction region. Patterns Δ(M )
ν ν ′μμ ′Δ

(L )
ν ν ′′μμ ′′ affecting reconstruction in (44)

are shown for (b) maximum determinant and (c) icosahedral grids. In icosahedral grids, sampling effects are more sparsely distributed along order. (a) Spherical
arrays. (b) Maximum determinant grids [57], M = L = 225. (c) Icosahedral grids [58], M = L = 252.

whereas the residual terms in (35) that describe the effects of
sampling are correspondingly defined by

εM =
N∑
ν,μ

N ′∑
ν ′,μ ′

TνμFνPν ′μ ′ε
(M )
νν ′μμ ′ , (45)

εL =
N∑
ν,μ

N ′′∑
ν ′′,μ ′′

Tν ′′μ ′′FνPνμε
(L)
νν ′′μμ ′′ , (46)

and

εM,L = −
N∑
ν,μ

N ′∑
ν ′,μ ′

N ′′∑
ν ′′,μ ′′

Tν ′′μ ′′FνPν ′μ ′ε
(M )
νν ′μμ ′ε

(L)
νν ′′μμ ′′ . (47)

B. Effects of Sampling in Sound Field Reconstruction

Reconstruction of a band-unlimited target field Ψ at
�r = (r,Ω) that emanates from a point source at �rsource =
(rsource,Ωsource) is addressed to exemplify the effects of sam-
pling. The target field reads

Ψ(�r, k) =
exp(jk|�r − �rsource|)

|�r − �rsource|
. (48)

Continuous-space recordings P on �a ∈ A due to a single
source at �rsource are modeled in terms of their SFT on A as

Pν ′μ ′(a,�rsource, k) =
−4πhout

ν ′ (krsource)Y
μ ′

ν ′ (Ωsource)
ka2h′out

ν ′ (ka)
. (49)

Similarly, the free-field transfer functions T ff from B to �r are
modeled in terms of their SFT on B as

T ff
ν ′′μ ′′(b, �r, k) = −4πjkhin

ν ′′(kb)jν ′′(kr)Y μ ′′

ν ′′ (Ω), (50)

where jν denotes the spherical Bessel function of order ν.
Fig. 8 shows the geometry used in the examples. Two repre-

sentative spherical sampling schemes for N = 14 were used to
arrange microphones and loudspeakers: maximum determinant
grids [57] and icosahedral grids [58]. Use of maximum deter-
minant grids significantly minimizes the effects of numerical
integration at lower orders; however, middle and higher orders
remain widely affected. In contrast, although the use of icosa-
hedral grids does slightly affect the lower orders, their effects
are more sparsely distributed along all orders. These facts are
observed when contrasting Fig. 8(b) and (c), where patterns
Δ(M )

νν ′μμ ′Δ
(L)
νν ′′μμ ′′ affecting reconstruction in (44) are shown for

both grids. Icosahedral grids have been particularly used to dis-
tribute the microphones of the 252-channel recording system
in [27] and [28]. Although for simplicity the examples below
use the same grid to arrange both microphones and loudspeak-
ers, the effects of using distinct types of grids can be inferred
because (35) clearly distinguishes the isolated and combined
effects of sampling.

The overall effects of sampling are detailed in Fig. 9 by us-
ing the residual-to-signal ratios in (36). In general, the isolated
effects of sampling A (see EM ), as well as the coupled effects
of sampling both A and B (see EM,L ), are more prominent
than the isolated effects of sampling B (see EL ). Because maxi-
mum determinant grids ensure accurate integration on the spher-
ical surfaces A and B at lower orders, they produce negligible
residual-to-signal ratios at lower frequencies when using both
FROlim

ν and FRFreg
ν . The benefits of using the proposed FROlim

ν

are more noticeable when using less uniform grids that do not
ensure accurate integration, such as icosahedral ones, as can be
observed in the smaller values of EM and EM,L at lower and
middle frequencies.
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Fig. 9. Overall sampling effects on the reconstruction region calculated in terms of the residual-to-signal ratios EM (isolated effects of sampling the recording
boundary with M microphones), EL (isolated effects of sampling the reproduction boundary with L loudspeakers), and EM ,L (coupled effects of sampling the
recording and reproduction boundaries). EM , EL , and EM ,L are defined in (36). In general, the values of EM and EM ,L are more prominent than EL . Results

are shown for (a) maximum determinant and (b) icosahedral grids. SBMFs FRFreg
ν use a regularization parameter λ = 5 × 10−3 , whereas FROlim

ν use a maximum
gain 20 log10 γ = 40. The single point source is at �rsource = (xsource, ysource, zsource) = (0, 50, 0) cm. Reconstruction is done on �r in a 40 × 40 cm2 region on
the xy-plane, for a = 8.5 cm and b = 50 cm. (a) Maximum determinant grids, M = L = 225, N = 14. (b) Icosahedral grids, M = L = 252, N = 14.

Fig. 10. Local effects of band limitation and sampling upon reconstruction of the target band-unlimited pressure field Ψ in (a) by using icosahedral grids.
Band-limited pressure fields Ψband

N are shown in panels (b) and (h), whereas reconstructed pressure fields Ψdisc
N ;M ,L are shown in panels (c) and (i). Recall from (24)

and (35) that Ψ = Ψband
N + εN , and Ψband

N = Ψdisc
N ;M ,L + εM + εL + εM ,L , where εM denotes the isolated sampling effects of recording shown in panels

(d) and (j), εL denotes the isolated sampling effects of reproduction shown in panels (e) and (k), and εM ,L denotes the coupled sampling effects of recording and
reproduction shown in panels (f) and (l). Note also that the total errors in panels (g) and (m) comprise the residual εN . Real parts of all these components are
shown. Panels (b)–(g) correspond to reconstruction with FRFreg

ν , whereas panels (h)–(m) correspond to FROlim
ν . The use of FROlim

ν extends the reconstruction area
thanks to the reductions of εM and εM ,L ; this is confirmed by comparing (d) with (j), (f) with (l), and (g) with (m). (a) Ψ in (48) due to a single point source

located at �rsource = (xsource, ysource, zsource) = (0, 50, 0) cm, for 2250 Hz. (b) Ψband
N in (25), FRFreg

ν . (c) Ψdisc
N ;M ,L in (44). (d) εM in (45). (e) εL in (46). (f) εM ,L

in (47). (g) Ψ − Ψdisc
N ;M ,L . (h) Ψband

N in (25), FROlim
ν . (i) Ψdisc

N ;M ,L in (44). (j) εM in (45). (k) εL in (46). (l) εM ,L in (47). (m) Ψ − Ψdisc
N ;M ,L .
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Fig. 11. Time-domain effects of sampling. Top panels show the normalized impulse responses (IRs) for the target signals Ψ, middle panels show the IRs
reconstructed with maximum determinant grids, and bottom panels show the IRs reconstructed with icosahedral grids. Conditions are the same as those used in
Figs. 9 and 10. Reconstructed IRs of Ψdisc

N ;M ,L in (44) at three points �r on the xy-plane are shown. Points near the microphone array’s center are slightly affected
by replication of main peaks, as shown in column (a). Points behind the array are more affected by backward replication, as shown in column (b). Points in front are
more affected by forward replication, as shown in column (c). In general, the use of icosahedral grids produces more attenuated replications than use of maximum
determinant grids. In both grids, FROlim

ν attenuates the replications even more when compared with FRFreg
ν , yielding IRs that are more localized around the main

peaks. (a) x = 0.5 cm, y = −0.5 cm. (b) x = −11.0 cm, y = −12.9 cm. (c) x = 5.3 cm, y = 14.8 cm.

The local effects of band limitation and sampling with icosa-
hedral grids when Ψ is reconstructed in a region of the horizontal
plane are illustrated in Fig. 10 by using (25) and (44)–(47). Con-
trasting the reconstruction results for FRFreg

ν (middle row) and
FROlim

ν (bottom row), it is observed that FROlim
ν enables a greater

reduction of εM and εM,L . As a consequence, FROlim
ν produces

smaller total reconstruction errors Ψ − Ψdisc
N ;M,L in a wider area

around the center.
Finally, the time-domain effects of band limitation and

sampling are described in Fig. 11. Impulse responses were
calculated by applying the inverse Fourier transform to the
discretization of Ψdisc

N ;M,L in frequency. Discretization was

performed by using a sampling frequency of 48 kHz and a
frame of 256 samples to ensure the visualization along the
distances under consideration. By comparing the results for
maximum determinant (middle panels) and icosahedral (bot-
tom panels) grids, it can be generally observed that icosahedral
grids yield impulse responses with more attenuated replications
of main peaks. In both grids, by contrasting the impulse re-
sponses for FROlim

ν (solid black line) and FRFreg
ν (solid gray

line), it can be further observed that the use of FROlim
ν en-

ables a greater attenuation of replication effects, thereby yield-
ing impulse responses that are more localized around the main
peaks.
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C. Comments on the Perceptual Aspects

Reconstruction of the sound pressure signals at the eardrums
requires considering head-related transfer functions (HRTFs)
instead of the free-field transfer functions T ff used in the above
examples. Our objective evaluations therefore do not directly
translate their performance to perceptual attributes, but we can
nevertheless rely on recent numerical [29]–[32] and percep-
tual [24], [47], [49], [50] studies on binaural reconstruction
from microphone array recordings and HRTFs to highlight the
importance of using high-order representations when aiming
toward the reconstruction of spatially accurate binaural signals.

In ideal recording and reproduction conditions with continu-
ous spherical boundaries, high orders ensure the perception of
more spatially sharp and more externalized sounds [24], [47].
High orders also reduce the distortions of perceived timbre
caused by the rapid roll-off of SBMFs at higher frequencies
(see Fig. 6) [49], [50].

In practice, however, the use of finite numbers of trans-
ducers produces two kinds of artifacts: low-frequency arti-
facts, perceived as ringing envelopes, and high-frequency arti-
facts, perceived as unpleasant sounds [24]. The development of
high-resolution microphone arrays is crucial in this regard, as
high-resolution HRTFs can be obtained with actual 3D model
acquisition techniques and numerical acoustics methods.

The results for free-field conditions in Fig. 11 suggest that
the proposed filters FROlim

ν can help to reduce the perception
of ringing sounds during binaural reconstruction because they
have a smooth and bounded behavior at lower frequencies, and
yield impulse responses that are highly concentrated around
the main peaks. However, perceptual evaluations by means of
detectability of differences, and localization tests along angles
and distances, are necessary to provide more insight into the
validity of the suggested approach.

VI. CONCLUSION

This paper has presented the theory of SBMFs for conversion
of spherical microphone array signals into spherical loudspeaker
array signals. SBMFs were obtained by examining the KHIE on
the recording and reproduction boundaries and by further im-
posing a continuity condition. The particular case of a rigid
recording boundary and an open reproduction boundary was
addressed. As a result, new rigid-to-open SBMFs were formu-
lated. A method for the design of smooth-and-bounded SBMFs
for high-resolution arrays was also proposed as an alternative to
existing ones. The method simply requires the specification of
a gain threshold; it is equivalent to reducing the reconstruction
radius at higher frequencies while the order truncation errors
are kept bounded. The separate and combined effects of using
finite numbers of microphones and loudspeakers were identi-
fied analytically and exemplified numerically. It was found that
gain-limited rigid-to-open SBMFs can outperform existing fil-
ters based on Tikhonov regularization thanks to reduction of the
combined sampling effects.

It is expected that the theory presented will contribute to the
future formulation of SBMFs for non-concentric arrays as well
as to the formulation of BMFs for other basic geometries and
boundary conditions.

APPENDIX A
THE KIRCHHOFF–HELMHOLTZ INTEGRAL EQUATION

The Kirchhoff–Helmholtz integral equation (KHIE) is used
to reconstruct a sound pressure field Φ at arbitrary observation
point�r within a source-free volumeV from its values of pressure
and normal derivative on the bounding surface S that delimits
V . The sound field is reconstructed at �r by means of transfer
functions T characterizing the transmission of sound from any
point �rs on S to any point �r in V . The transfer function T is
known as the Green’s function. The KHIE reads [4]

Φ(�r, k) =
∫

�rs ∈S[
T (�rs, �r, k)

∂

∂�ns
Φ(�rs, k) − Φ(�rs, k)

∂

∂�ns
T (�rs, �r, k)

]
d�rs,

(51)

where �ns is the vector normal to S at �rs , pointing outward V ,
and ∂

∂�ns
denotes the derivative in the direction of �ns .

APPENDIX B
SPHERICAL FOURIER TRANSFORMS

The angular solution to the Helmholtz equation defines the
spherical harmonics Y μ

ν (Ω) of order ν and degree μ [4],

Y μ
ν (Ω) =

√
2ν + 1

4π

(ν − μ)!
(ν + μ)!

Pμ
ν (sin φ) exp(jμθ), (52)

where Pμ
ν are the non-normalized associated Legendre func-

tions. They are orthonormal on the unit sphere S2 [4],∫
Ω∈S2

Y μ
ν (Ω)Y μ ′

ν ′ (Ω)dΩ = δνν ′δμμ ′ , (53)

where dΩ = cos φdφdθ and δ is the Kronecker delta. The an-
gular part of a finite-energy acoustic pressure field Φ can be
expanded in terms of spherical harmonics [4],

ISFT: Φ(r,Ω) =
∞∑

ν=0

ν∑
μ=−ν

Φνμ(r)Y μ
ν (Ω), (54)

where the expansion coefficients are defined by [4],

SFT: Φνμ(r) =
∫

Ω∈S2
Φ(r,Ω)Y μ

ν (Ω)dΩ. (55)

In the mathematical literature [5], (55) is referred to as the
spherical Fourier transform (SFT), and (54) is referred to as the
inverse spherical Fourier transform (ISFT).

APPENDIX C
SBMFS BASED ON TIKHONOV REGULARIZATION

Transform-domain driving signals Dνμ on B are obtained
from recordings P on A by solving the linear system

P(�am , k) =
N∑
ν,μ

Y μ
ν (Ωm )F−1

ν (a, b, k)Dνμ (b, k) + ε(N )
m , (56)

where m = 1, . . . ,M . In matrix notation, (56) becomes

P =
[
YF−1]D + E, (57)
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where P = [P(�am )]M ×1 , Y = [Y μ
ν (Ωm )]M ×(N +1)2 , F−1 =

diag
(
F−1

ν

)
, D = [Dνμ ](N +1)2 ×1 , and E =

[
ε
(N )
m

]
M ×1

.

A solution to (57) is found by Tikhonov regularization [56]:

D = min
{
‖YF−1D − P‖2

2 + ‖λI‖2
2
}

=

⎛
⎝
⎡
⎣F−1� Y

�
Y︸ ︷︷ ︸

≈I

F−1 + λ2I

⎤
⎦
−1

F−1�

⎞
⎠Y

�
P. (58)

When assuming perfect quadrature on the sphere, the orthonor-
mality residuals defined in (38) are neglected and the Gram ma-

trix Y
�
Y in (58) results in an identity matrix of size (N + 1)2 .

The perfect quadrature assumption leads to

D = diag

(
Fν

1 + λ2 |Fν |2
)

Y
�
P, (59)

the elements of whose resulting diagonal matrix define the reg-
ularized filters in (31).
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